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SUMMARY 

A high-precision gas chromatograph under computer control, with digital 
data acquisition of the chromatographic simal, was used to measure the central 
statistical moments of chromatographic zones. It is shown that for fairly symmetrical 
peaks, the moments are determined with a better accuracy, even at a low signal-to- 
noise ratio, from a least-squares fit of the Gram-Charlier series on the experimental 
elution profiles_ 

The Gram-Charlier series is a good model for representing the peak elution 
profile provided that the skew coelhcient is small. The second central moment derived 
from the Gram-Charlier model was studied as a function of the carrier gas velocity, 
using the usual HETP concept. The third and the fourth central moments were found 
to follow similar relationships to the carrier gas velocity. 

For strongly tailing peaks, it is shown that the moments are not sufficient for 
characterizing the peak shape. This tailing has a kinetic origin and results from slow 
mass transfer in the stationary phase. The time constant of the exponential decay 
adjusted on the peak tail @es a good indication of the desorption time of the mole- 
cule from the most active sites of the packing. 

INTRODUCTION 

The characterization of chromatographic peak profiles is of fundamental 
importance, as these profiles contain all of the information available re,oarding the 
contributions to band broadening that occur either in the column or in the instrument 
itself. 

For the sake of simplicity in further theoretical calculations, most chromato- 
graphic theories assume that the chromatographic peak profile is gaussian’. Signi- 
ficant errors might occur, however, from this approximation as chromatographic 
elution curves are generally non-symmetrical. 

Giddings and EyringZ and McQuarri$ derived exact expressions for the eiution 
curve for various types of chromatographic systems, such as a column packed with 



62 . C. VIDAL-MADJAR, G. GUIOCHON 

a stationary phase containing several types of retention sites and a column in which 
a pure retention mechanism takes place, with one type of site but with various input 
distributions. 

McQuarrie3 introduced a computation procedure using central statistical 
moments to characterize the probability density curves. The theoretical importance 
of these moments is now weI1 established-. 

Digital acquisition of chromatographic data by a computer permits the rapid 
and easy calculation of the moments of the peak profile by direct integration. This 
procedure, however, can lead to large errors and Chesler and Cram’ studied in detail 
the intfuence of the data acquisition and inte_mtion parameters on the precision of 
the moments and especially the effect of the limits of integration and the density of 
data points. A procedure for improvin g the precision of the determination of the 
moments of non-symmetrical signals has been discussed by Petitclerc and Guiochon’. 
An exponential decay is adjusted by numerica computation on the tail of the peak 
and the numerical integration is replaced with the exact contribution derived from 
the parameters of the exponential. 

Characterization of peak shapes can thus be obtained either from the deter- 
mination of central statistical moments or by fitting to the experimental data theo- 
retical models such as the Gram-Charlier series3 or the Poisson law9 for the more 
symmetrical curves. For strongly tailing peaks when the adsorption is linear, a good 
model of the chromatographic profile might be that described by Giddings’O, who 
assumed two types of sites. Another attractive model has been suggested by Viller- 

.maux’l, which also assumes two different types of retention sites in the mass balance 
equation but the peak profile is derived by numerical inversion of the Laplace trans- 
form using the fast Fourier method. 

In this work, we discuss whether the Giddings model for tailing peaks and the 
Gram-Charlier series for more symmetrica peaks are good models for accounting 
for the peak profile. We also compare the moments obtained by numerical integration 
with those calculated from the parameters of the best Gram-Charlier series obtained 
by fitting of the series to the digitalized chromatographic data collected by the com- 
puter. Until now, only an empirical model has been used to characterize peak 
shapesiz. If possible, the use of theoretically sound models offers a better prospect 
as some direct insight into the mechanism of band broadening would become possible. 

EXPERIMENTAL 

The chromatographic equipment, specially designed for high precision meas- 
urements, has been described previously13. 

The column is kept in an oil-bath, the temperature of which is controlled to 
within 0.01” over a few days with a Melabs proportional controller. The inlet pressure 
is controlled with a Texas Instruments pressure controher working with reference to 
the outlet pressure, with fluctuations smaher than 0.015 mbar. The outlet pressure is 
controhed with a Negretti and Zambra pressure regulator working by reference to 
vacuum, with fluctuations smaller than 0.2 mbar. 

A Carlo Erba sampling valve is used to inject 2-~1 gaseous sampIes of a 
mixture of methane and the vapour of the compound being studied, diluted in the 
carrier gas. 
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A home-made flame-ionization detector is used. The signal is measured using 
a Keithley amplifier and a Solar&on digital voltmeter (LM 1480-3, Schlumberger). 
The data are stored on the disk of a Hewlett-Packard 2116 B, SK core memory. The 
same computer calculates the different moments of the chromatographic elution peak 
by numerical integration, once the data acquisition is completed and stored in the disk. 

The baseline is calculated by adjustin, m a straight line on the chromatogram 
before and after the peak has been completely eluteds, then the elution profile is 
corrected by subtracting this straight-line contribution_ For the most strongly tailing 
peaks, in order to obtain a better precision for the numerical integrations an expo- 
nential is adjusted on the tail of the peak from a level corresponding to 2% of the 
maximum peak height. 

A non-linear Ieast-squares fit of the theoretical models (Gram-CharIier series, 
two types of sites model) was carried out on an IBM 370/168 at the Centre Inter- 
Regional de Calcul Electronique, Orsay, France. For this procedure, the digitalized 
data of the chromatogram were collected on magnetic tape. 

The columns used were 2 m x 2.1 mm I.D. The first column was packed with 
20% squalane on Chromosorb P AW DMCS (125-160 ,um). On this column almost 
symmetricai peaks are obtained for alkanes, whiIe strongly tailing peaks are observed 
with polar compounds such as methylene chloride and diethyl ether. On the second 
column, packed with OS”? squalane on porous glass beads, DIMCS (125-160 [tm), 
(Corning, Corning, N-Y., U.S.A.), sharp peaks but with a long tailing edge were 
observed for aIkanes. ._ 

The solutes studied were of ultra-h&h purity. This is very important ES the 
moments obtained by numerical integration are completely erroneous if a small 
impurity eluted close to the main peak interferes with the profile of the compound 
to be studied. rz-Pentane and cyclohexane (99.99 y0 purity by gas chromatography on 
capillary columns) were purchased from Elf (Paris, France) and methane (> 99.995 y0 
purity, with ethane content < 15 vpm) from Air Liquide (Paris, France). 

THEORETICAL 

Giddings’O has shown that in many instances peak tailing’is of kinetic origin 
and can be explained by assuming that two retention mechanisms are superimposed: 
a fast exchange process with a moderate exchange energy accounts for the retention 
of most molecules, while a slow exchange process is responsible for the tailing. 

Assuming an infinitely narrow energy distribution for the two types of sites, 
the elution profile is 

where 8 = fJ& 1, is the time measured from the instant when the maximum of the 
undisturbed peak corresponding to the fast exchange process if it were alone would 
appear, t,,., is the retention time of an unretained peak, a, = k,t, and (I~ = k&, k, 

and k, are the adsorpfion and desorption rate constants and 1,(X) is the Bessel 
function of an imaginary argument. 
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The molecules which are eluted from the column without ever being adsorbed 
on one of the active sites corresponding to the slow exchange process are not repre- 
sented by eqn. 1 and the ideal profile contributed by them is 

P2(f3) = e-PI s(e) (2) 

where a(3) is the Dirac function corresponding to an infiniteIy narrow pulse at 8 = 0. 
The addition of eqns. 1 and 2 yields a concentration profile normalized to unit area. 
This undisturbed profile has been obtained assuming the conditions of ideal chro- 
matography. It must be modified to account for the effective diffusion process inside 
the column, as described in the calculations below (Schmidt method). 

The central statistical moments can be used to characterize the chromato- 
graphic peak shape when the theoretical model needed to describe the system is too 
complicated3. 

The moments are defined by the equations 

1 
in, = m, jrn (t - m;) 12 f(t) dt (3a) 

and 
.m 

mo = 
J 

f(t) dt (3b) 
0 

where f(t) is the chromatographic profile at time t, nz, the peak area and 02’~ the mass 
centre of the distribution curve. The skew of the distribution curve is usually defined 
as S = nr3/m3/’ and the excess as E = n~,fr.+~_ S = 0 and E = 3 for a gaussian 
profile. 

The moments can be used to describe the peak shape when the exact mathe- 
matical equation of the peak is not known. An approximation of the profile is given 
by the Gram-Charlier series3. This series is an expansion of the normal distribution: 

Q(z) = l 
“2/Z 

exp (--t’/2) (4) 

The profile is 

f(Z) = A0 [Q(Z) + (A,/1 !) P’(Z) j- (AZ/:!!) @“‘(Z) j- _ _ .] (3 

where the Ai are constant coefficients, z = (t-m’,)/o and G is the standard deviation 
of the gaussian profiie, with m, = 0’. Eqn. 5 can be written as 

f(z) = nlo G l,LF-exp (-Z2/2) [l f 2 +-Hi(z)] 
i=3 

where Hi is the ith Hermite polynomial. If the series is expanded to the fourth term, 
we have 

A3 = m’f$ = s ( W 

H&z) = 73-3~ (7b) 
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A4 = (ma/d)-3 = E-3 @a) 

H,(z) = z*--6z2+3 (W 

The skew and the excess of this distribution curve are S = A3 and E = A4f3. 
Kuccra* and Grubne? derived the four statistical moments from the mass- 

balance equations for gas-solid chromatography; Grushka6 found similar expressions 
for the statistical moments in gas-liquid chromatography_ These equations are given 
in Table I and have been re-calculated by us as they are written incorrectly in ref. 6. 
Pn Table I k’ is the capacity factor, U the carrier gas velocity, 0, is the diffusion 
coefficient of the solute in the stationary phase, d+ is the thickness of the stationary 
film, V, and V, are the volumes of the stationary and mobile phase per unit column 
volume, respectively, and D is the dispersion coefficient which takes into account the 
effective diffusion process of the solute in the gaseous phase and the eddy diffusion 
phenomenon1 which is a combined flow diffusive exchange. 

TABLE I 

MASS CENTRE AND CENTRAL STATISTICAL MOMENTS IN GAS-LIQUID CHROMA- 
TOGRAPHY * 
--_- _ 
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l The effect of gas phase compressibility on the exact value of the moments is neglected. 
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From the expressions derived in gas-liquid chromatography6 and given in 
Table I, neglecting the higher-order terms in Dz/U-I in the second moment equation, 
it is possible to derive the theoretical plate height: 

H=LJ$ 

where L is the column length, and thus 

or 

H=++Jl 

(9) 

(11) 

where Cr accounts for the resistance to mass transfer in the liquid phase, neglecting 
the mass transfer across the mobile-stationary phase interface14 

The third moment is usually expressed relative to the third power of the 
standard deviation (skqw coefficient)_ However, GrubneP has shown that a simple 
expression relates the specific asymmetry (mJm;“) to the carrier gas velocity. 

Using the same assumptions as for the derivation of H, we can derive from 
the expression of the third moment in gas-liquid chromatography (cf-, Table I and 
ref. 6): 

120 k’ d; 

(1 c k’)’ -30, + 

12k’ d: 
(1 + k’)3 -w * u’ (12) 

or, using eqns. IO and 1 I : 

(13) 

The specific excess can be derived similarly: 

i 240- (1 

k’ d; 
f k’)” ‘30, i I’- 

k” d: uz I 
(1 + k’)J -SD:_’ ’ 

-+ (1 

k 960 d; U 

f k’)3 
-15-E-x t 

The last two terms in eqn. 14 are negligible if the column is long enough, and thus 
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This very simple relationship could not be derived by Grubnerj in his discussion 
on the statistical moments in gas-solid chromatography as the second and the third 
terms of the fourth moment expression he gave are erroneous, as well as those given 
in the original work of Kucera”. The correct expression of the fourth moment in 
_gas-solid chromatography can be derived by analo,T with the one given in Table I 
for gas-liquid chromatography. 

Eqn. I5 shows that it is not necessary to measure the fourth moment in order 
to study fast exchange processes in a chromatographic column, as no new information 
can be derived from it. This just megns that the theory of linear chromatography with 
finite kinetics predicts that the excess value, E, is 3, the value obtained for a gaussian 
shape profile, even if the peak is not symmetrical. 

The expressions of statistical moments derived in gas-solid chromatography 
or in gas-liquid chromatography account for the molecular and the apparent diffusion 
processes inside the column, as well as the resistance to mass transfer, assuming fast 
exchange reactions on one type of site. This picture is very approximate, especially 
in gas-solid chromatography, as adsorbents have a wide pore size distribution. Even 
with the fairly homogeneous, non-porous surface of graphitized thermal carbon 
black, active sites, generally functional groups or impurities, exist which have not 
been eliminated by the thermal treatment. They are not considered in the moment 
theory. 

In gas-liquid chromatography, the stationary phase is distributed in a com- 
plex geometrical way, probably with a wide range of structures incorporating areas 
on which films of very different thickness are coated and droplets of various sizes. 
It cannot therefore be assumed that something like a constant film thickness does 
exist_ A rigorous way of solving this problem in linear chromatography is the sto- 
chastic approach of Giddings and Eyrin 2 and McQuarrie’ for studying peak profiles. 

RESULTS AND DISCUSSiON 

In the first section below we discuss the choice of a model to account for the 
peak profile in different experimental conditions_ The physical significance of the 
results obtained is discussed in the second part. 

I_ Chromatographic profires 
Concentratiorl profile of fast exchange processes. The elution peak of n-pentane 

on the higbly lohded squalane column is almost symmetrical and a very good fit of 
the experimental data with the Gram-Charlier series is observed. 

In Fig. la is represented a typical chromatogram in reduced coordinates, so 
that the total surface area under the distribution curve, P(0), is 1 with 6 = (f-fmJx)/f,,,- 
The points are the experimental data collected by the computer, while the line is 
calculated from the Gram-Charlier series expanded to the fourth Hermite poly- 
nomial (eqn. 6)_ Accordingly, five constants are sufficient to characterize completely 
this peak profile: the peak area (m,), its mass centre (jn’,), the standard deviation (c), 
the skew coefficient (S = A3) and the excess (E = A4 _t 3). 

The standard deviation, the skew coefficient and the excess calculated from 
the least-squares fit of the Gram-Charlier series on the experimental data in Fig. la 
are c? = 55.92 set’, S = 0.16 and E = 3.07, while the corresponding values cal- 
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culatqi from the moments obtained by numerical integration of the same experimental 
data are 0’ = 57.71 sec2, S = 0.25 and E = 3.49. The differences are very significant, 
about six times the standard deviation of the error on the direct calcuiation of S 
and E. Furthermore, 
series to account for 

when these last values are introduced into the Gram-Charlier 
the peak profile, the curve obtained is distorted (Fig. lb) and 

1.5 - 

a 

Fig. 1. 
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In Table III, the excess values are given for methane at 50” with helium as the 
carrier gas. Here again the excess value is much larger when calculzted by numerical 

integration, because of the contribution of tailing to its value (Fig. Za), and shows 
a marked increase with increasing velocities. This tailin, 0 is due to extra-column 
effects, as discussed previously- 

The change in F as a function of flow velocity was studied using the fourth 
central moment calculated from the Gram-Charlier least-squares fit. For methane at 
30.1” and 50”, with helium as the carrier gas, the specific excess, F, is very well fitted 

. (Fig. Sb) by the equation 

(27) 

which is in good accordance with the result from eqn. 22 for H, as there is no C, 
term for methane, which is not retained on this column. In Fig. 8b each point repre- 

sents mean value from at least six experiments, and the reIative error in F value is less 
than 5%. 

For methane at 30. l”, we have B” = 1.38 f 0.07 cm’/sec’, A” = 0.034 f 

0.005 cm’ anri y = 0.49. From the B” coehicient, we derived the tortuosity factor, 
y, as B” = 12 y’ 0,‘. At 50”, we have B” = 2.36 f 0.08 cm’/sec’, A” = 0.028 + 0.003 
cm’ and y = 0.57. 

As for the specific asymmetry, good agreement is obtained with the values of 
the tortuosity factor obtained from the H equation. 

A value of A” significantly different from zero is obtained as in the case of the 
plot of H versus us and in the study of the methane peak asymmetry, whereas theory 
and eqn. 15 predict a zero vahre, as C, is negligible. This large value of A” may come 
from the extra-column effects which also produce the tailing of the methane peaks 
(~5, Fig. 2a). 

CONCLUSION 

The characterization of chromatr_?graphic peak profiles by their central 
statistical moments calculated by direct numerical integration may lead to many 
errors and uncertainties, even for almost symmetrical elution peaks, which arise from 
the limits of inte,oration, baseline drift, noise, the presence of small impurities in the 
solute and extra-column effects, especially in connection with the injection function. 
Even under the best possible experimental conditions, we have shown that systematic 
errors occur, which come from the contribution of small tailings at the ends of the 
peaks. 

Curve fitting on the chromatogram collected by the computer leads to more 
valuable information which cannot be obtained from the moments calculated by 
numerical integration. 

The Gram-Charlier series is a good model for studying the diffusion mecha- 
nisms and the rapid exchange processes that take place in the column. Using the 
values of the central moments calculated from the parameters of the best Gram- 
Charlier series, we have been able to test the validity of the theories predicting the 
values of the moments from the mass-balance equation_ 
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The coefficients for longitudinal diffusion obtained from the variation of the 
second, third and fourth central statistical moments with the gas flow velocity are in 
good agreement with theory and permit the determination of the tortuosity coefficient 
when the diffusion coefficient of the solute in the gaseous phase is known. 

The higher central statistical moments, even when derived from the Gram- 
Charlier fit, are very sensitive to small tailings originating from extra-column effects, 
such as dead volumes or the shape of the injection function. In order to study the 
rapid exchange processes inside the column itself it is necessary to improve the injec- 
tion system. The use of Auidic logic systemsto as sampling devices may heIp to soIve 
this problem. 

Non-symmetrical peaks which have a tail extending for several times the 
retention time of a non-retained peak are well fitted by the model described by 
Giddings’O, assuming two types of adsorption sites. From this fit, it is possible to 
separate the rapid exchange processes from the adsorption on the most active sites 
of the surface, and to determine the adsorption and desorption rate constants on the 
tail-producing sites, and the amount of molecules adsorbed on these sites. 

Systematic use of these theoretical developments for studying the behaviour 
of various chromatographic systems is in progress. 
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